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D’ATRI SPACES OF TYPE k AND RELATED CLASSES OF
GEOMETRIES CONCERNING JACOBI OPERATORS
TERESA ARIAS-MARCO AND MARIA J. DRUETTA
Abstract. In this article we continue the study of the geometry of k-
D’Atri spaces, 1 ≤ k ≤ n−1 (n denotes the dimension of the manifold),
began by the second author. It is known that k-D’Atri spaces, k ≥ 1, are
related to properties of Jacobi operators Rv along geodesics, since she
has shown that trRv, trR
2
v are invariant under the geodesic flow for any
unit tangent vector v. Here, assuming that the Riemannian manifold is
a D’Atri space, we prove in our main result that trR3v is also invariant
under the geodesic flow if k ≥ 3. In addition, other properties of Jacobi
operators related to the Ledger conditions are obtained and they are
used to give applications to Iwasawa type spaces. In the class of D’Atri
spaces of Iwasawa type, we show two different characterizations of the
symmetric spaces of noncompact type: they are exactly the C-spaces
and on the other hand they are k-D’Atri spaces for some k ≥ 3. In the
last case, they are k-D’Atri for all k = 1, ..., n− 1 as well. In particular,
Damek-Ricci spaces that are k-D’Atri for some k ≥ 3 are symmetric.
Finally, we characterize k-D’Atri spaces for all k = 1, ..., n − 1 as
the SC-spaces (geodesic symmetries preserve the principal curvatures
of small geodesic spheres). Moreover, applying this result in the case
of 4-dimensional homogeneous spaces we prove that the properties of
being a D’Atri (1-D’Atri) space, or a 3-D’Atri space, are equivalent to
the property of being a k-D’Atri space for all k = 1, 2, 3.
1. Introduction and Preliminaries
Let M be a n-dimensional Riemannian manifold, ∇ the Levi Civita con-
nection and let R denote the associated curvature tensor defined byR(u, v) =
[∇u,∇v] − ∇[u,v] for all u, v ∈ TM. If |v| = 1, the Jacobi operators Rv are
defined by Rvw = R(w, v)v.
Let m ∈ M be a fixed point and v ∈ TmM, |v| = 1; we denote by γv(t)
the geodesic inM with γv(0) = m and γ
′
v(0) = v. Note that expm tv = γv(t)
2010 Mathematics Subject Classification. 53C21, 53C25, 53C30, 22E99.
Key words and phrases. D’Atri spaces, k-D’Atri spaces, Ledger’s recursion formula,
curvature invariants, geodesic spheres, shape operator, k-th elementary symmetric func-
tions, spaces of Iwasawa type, SC-spaces.
The authors were partially supported by CONICET, FONCyT and SECyT (UNC).
The first author’s work has also been supported by D.G.I. (Spain) and FEDER Project
MTM2010-15444, by Junta de Extremadura and FEDER funds, by DFG Sonder-
forschungsbereich 647 and the program “Becas Iberoame´rica. Jo´venes Profesores e In-
vestigadores. Santander Universidades” of Santander Bank.
1
2 TERESA ARIAS-MARCO AND MARIA J. DRUETTA
whenever expm, the geometric exponential map of M , is defined. Moreover,
for each small t > 0, we denote by Sv(t) the shape operator (with respect
to the outward unit normal field γ′v(t)) of the geodesic sphere
Gm(t) = {γw(t) = expm(tw) : w ∈ TmM, |w| = 1}
at γv(t). By definition, for each m ∈ M the geodesic symmetries sm are
locally defined by
sm = expm ◦σ0 ◦ exp
−1
m , where σ0 = −Id.
Equivalently, sm(p) = expm(− exp
−1
m (p)) for all p ∈M where expm is locally
defined as a diffeomorphism, or sm(γv(t)) = γv(−t) for all real t ∼ 0.
D’Atri spaces were introduced by J. E. D’Atri and H. K. Nickerson in
[11]. M is called a D’Atri space if the local geodesic symmetries are volume-
preserving (i.e. they preserve the volume element up to a sign). An equiv-
alent definition is given by the condition that the geodesic symmetries
preserve the mean curvature of small geodesic spheres; that is trSv(t) =
trS−v(t). Obviously, D’Atri spaces are a natural generalization of locally
symmetric spaces (where the local geodesic symmetries are isometries) and
in dimension two are locally symmetric, so they have constant sectional cur-
vature. The third dimensional classification was done by O. Kowalski in
[19] where he proved that all of them are either locally symmetric or locally
isometric to a naturally reductive space. See [20] for references about D’Atri
spaces and related topics.
Many characterizations of D’Atri spaces exist but the most relevant for
our work was proved by J. E. D’Atri and H. K. Nickerson [11] and it was
improved by Z. I. Szabo´ [24]; namely, M is a D’Atri space if and only if
it satisfies the series of all odd Ledger conditions L2k+1 = 0, k ≥ 1. The
Ledger conditions are an infinite series of curvature conditions derived from
the so-called Ledger recurrence formula, which nowadays, have become of a
special and important relevance (see [23], [3]). For example, Z. I. Szabo´ [24]
proved that L3 = 0 implies that the manifold is real analytic. Moreover, the
first author and O. Kowalski [4] classified the 4-dimensional homogeneous
Riemannian manifolds which satisfy L3 = 0 and used this result to classify
the 4-dimensional homogeneous D’Atri spaces, as well (see also [1], [2]).
In Section 2 of this work we study properties of the Jacobi operators along
geodesics related to Ledger’s conditions as L3 = 0, L5 = 0, L7 = 0, which
play an important role to prove two of our main results, Theorem 3.3 and
Theorem 4.3, developed in Section 3 and Section 4, respectively.
M is called a D’Atri space of type k or a k-D’Atri space, 1 ≤ k ≤ n−1, if
the geodesic symmetries preserve the k-th elementary symmetric functions
of the eigenvalues of the shape operators of all small geodesic spheres. Re-
call, that the k-th elementary symmetric functions σk, k = 1, ..., n, of the
eigenvalues of a symmetric endomorphism A on a n-dimensional real vector
space are determined by its characteristic polynomial as follows,
det(λI −A) = λn − σ1(A)λ
n−1 + ....+ (−1)kσk(A)λ
n−k + ...+ (−1)nσn(A),
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σk(A) =
∑
i1<i2<....<ik
λi1(A) · · · λik(A)
with 1 ≤ i1 < i2 < ... < ik ≤ n and {λ1(A), ..., λn(A)} the set of n eigenval-
ues of A. Thus, M is a k-D’Atri space if and only if for each small r > 0
σk(Sv(r)) = σk(S−v(r)) for all unit vector v ∈ TmM,
where S±v(r) denotes the shape operators ofGm(r) at the points expm r(±v).
Therefore, the 1-D’Atri property is obviously the D’Atri condition.
D’Atri space of type k definitions were introduced by O. Kowalski, F.
Pru¨fer and L. Vanhecke in [20] as a natural analogues of the concept of
D’Atri space and it was started as open problem to analyze if all these analog
notions are equivalent or not. The first attempt to solve this problem has
been done by the second author in [15], where it was shown that the notions
of D’Atri spaces (1-D’Atri) and 2-D’Atri spaces are equivalent. Now, we
continue such study in Section 4 and Section 5 considering Iwasawa type
spaces and 4-dimensional homogeneous spaces, respectively.
Besides, it is also shown in [15] that k-D’Atri spaces, k ≥ 1, are related
to properties of Jacobi operators as the invariance under the geodesic flow
of trRv and trR
2
v, respectively. In Section 3 we complete this fact (see
Proposition 3.1 and Proposition 3.2) and obtain the same result for trR3v in
Theorem 3.3, under the assumption that M is also a D’Atri space. Note
that throughout the paper we can assume n ≥ 3 and k ≥ 2.
One of the consequences of Theorem 3.3 is obtained in Section 4, consid-
ering spaces of Iwasawa type, where the symmetric spaces are characterized
as D’Atri spaces which are k -D’Atri for some k ≥ 3. Some properties of the
k-D’Atri condition (k ≥ 1) in the class of Iwasawa type spaces have been
study in [14] and [15]. In particular, the symmetric ones were characterized
as the k-D’Atri spaces for all k = 1, ..., n − 1. Here, we continue such study
proving that every D’Atri space satisfying that trR3v is invariant under the
geodesic flow is a symmetric space. Moreover, we also get that D’Atri spaces
of Iwasawa type which are also C-spaces are symmetric.
C-spaces were introduced by J. Berndt and L.Vanhecke in [7]. By defi-
nition, M is a C-space if for each geodesic γ, the eigenvalues of Rγ′v(t) are
constant along γv(t). For locally symmetric spaces this is always the case,
so C-spaces are another natural generalization of locally symmetric spaces.
In the last section we describe C-spaces as those whose geodesic symmetries
preserve the eigenvalues of Jacobi operators (Proposition 5.6). In the case of
Iwasawa type spaces of rank one it was shown in [12] that C-spaces are sym-
metric. Moreover, Damek-Ricci spaces are rank one spaces of Iwasawa type
and the non-symmetric ones were the first examples of D’Atri spaces which
are not C-spaces [6]. However, it is an open question whether a C-space is a
D’Atri space.
In Section 5 we will characterize the k-D’Atri spaces for all k ≥ 1 as the
SC-spaces (Theorem 5.2). Thus, we complete Theorem 2.6 of [15] where it
was proved that k-D’Atri spaces for all k = 1, ..., n− 1 are C-spaces. M is a
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SC-space if the geodesic symmetries sm preserve the eigenvalues (also called
principal curvatures) of the shape operators Sv(t) of small geodesic spheres
centered at m for all m ∈M. See [5] to know more about this kind of spaces.
Then, as a consequence of this characterization, we prove that the 3-D’Atri
condition is also an equivalent notion to the D’Atri and 2-D’Atri conditions
for the 4-dimensional homogeneous case.
2. Ledger’s conditions and properties of Jacobi operators
LetM be a Riemannian manifold andm ∈M be a fix point. Let v ∈ TmM
be a unit vector and consider a small real r > 0. If M is real analytic, then
it is well known that the endomorphism Cv(r) = rSv(r) =
∑
∞
k=0 αk(v)r
k
with αk(v) =
1
k!C
(k)
v (0), gives the power series expansion of Cv(r) at r = 0,
where
C(k)v (0) =
Dk
drk
Cv(r)|r=0 , k ≥ 1,
may be computed by using the recursion formula of Ledger that is given by
(1) (k + 1)C(k)v (0) = −k(k − 1)R
(k−2)
v −
k−2∑
l=2
(
k
l
)
C(l)v (0)C
(k−l)
v (0) for k ≥ 2,
with Cv(0) = Id, C
′
v(0) = 0 (see [8, 10, 20]). Here we use the notation
Rv = Rv(0) and R
(k)
v = R
(k)
v (0), k ≥ 1, the k-th covariant derivative of the
tensor Rγ′v(t)
along γv at t = 0. Then,
R′v = R
′
v(0) =
(
∇γ′v(t)Rγ′v(t)
)∣∣
t=0
and
R(k)v = R
(k)
v (0) =
(
∇γ′v(t)R
(k−1)
γ′v(t)
)∣∣∣
t=0
for all k ≥ 2.
Thus, from formula (1) we have
Cv(0) = Id, C
′
v(0) = 0, C
′′
v (0) = −
2
3Rv, C
(3)
v (0) = −
3
2R
′
v,
C(4)v (0) =−
4
5
(
3R′′v +
2
3Rv ◦Rv
)
,
C(5)v (0) =−
5
3
(
2R(3)v +R
′
v ◦Rv +Rv ◦R
′
v
)
,
C(6)v (0) =−
3
7
(
10R(4)v + 8Rv ◦R
′′
v + 8R
′′
v ◦Rv + 15R
′
v ◦R
′
v +
32
9 Rv ◦Rv ◦Rv
)
,
C(7)v (0) =−
7
12
(
9R(5)v + 10Rv ◦R
(3)
v + 10R
(3)
v ◦Rv + 27R
′
v ◦R
′′
v + 27R
′′
v ◦R
′
v
+11Rv ◦Rv ◦R
′
v + 11R
′
v ◦Rv ◦Rv + 10Rv ◦R
′
v ◦Rv
)
.
(2)
On the other hand, the Ledger conditions are defined in terms of C
(k)
v (0),
k ≥ 1, and the well-known characterization of D’Atri spaces is given using
those conditions of odd order. In the previous context we have,
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Definition 2.1. If for each unit vector v ∈ TmM
Lk = trC
(k)
v (0) =
dk
drk
trCv(r)|r=0 , k ≥ 1,
then L2k+1 = 0 and L2k = c2k , k ≥ 1, define the Ledger conditions (associ-
ated to v) of odd order and even order, respectively, at the point m.
Remark 2.1. It is well-known that M is a D’Atri space if and only if the
infinite series of Ledger conditions of odd order are satisfied.
In the rest of this section, we will show how to use the three first odd
Ledger conditions to obtain some useful identities.
Remark 2.2. If v ∈ TmM is a unit vector, then for any geodesic γv(t)
d
dt
(
tr(R
(k)
γ′v(t)
◦R
(k)
γ′v(t)
)
)
= 2tr
(
R
(k)
γ′v(t)
◦R
(k+1)
γ′v(t)
)
for all k ≥ 0.
In fact, for any orthonormal parallel basis {ei(t)}
n
i=1 along γv(t) with
en(t) = γ
′
v(t), using that all operators R
(k)
γ′v(t)
are symmetric, we have
d
dt
(
tr
(
R
(k)
γ′v(t)
)2)
=
n−1∑
i=1
d
dt
〈(
R
(k)
γ′v(t)
)2
ei(t), ei(t)
〉
=
n−1∑
i=1
d
dt
〈
R
(k)
γ′v(t)
ei(t), R
(k)
γ′v(t)
ei(t)
〉
=2
n−1∑
i=1
〈
∇γ′v(t)
(
R
(k)
γ′v(t)
ei(t)
)
, R
(k)
γ′v(t)
ei(t)
〉
=2
n−1∑
i=1
〈(
∇γ′v(t)R
(k)
γ′v(t)
)
ei(t), R
(k)
γ′v(t)
ei(t)
〉
=2
n−1∑
i=1
〈
R
(k+1)
γ′v(t)
ei(t), R
(k)
γ′v(t)
ei(t)
〉
= 2tr
(
R
(k)
γ′v(t)
◦R
(k+1)
γv(t)
)
.
Proposition 2.1. If L3 = 0, then
(i) trR
(k)
v = 0 for all k ≥ 1. Consequently, trR
(k)
γ′v(t)
= 0 along γv(t) and
tr(R
(k−1)
v ) is invariant under the geodesic (local) flow for all k ≥ 1.
(ii) The second odd Ledger condition L5 = 0 becomes
(3) tr(Rv ◦R
′
v) = 0 for all unit vector v ∈ TmM.
Equivalently, tr(R2v) is invariant under the geodesic (local) flow.
Proof. It is contained in the proof of [15, Proposition 2.2] having into account
that we use the facts L3 = trR
′
v = 0 and L5 = tr(Rv ◦ R
′
v) = 0 (not their
proofs). See (ii) and the last part of (iii) in the proof of such proposition.
Note that from (2) we express
L5 = −
5
3tr(2R
(3)
v +R
′
v ◦Rv +Rv ◦R
′
v) = −
10
3
(
tr
(
Rv ◦R
′
v
))
.
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
Proposition 2.2. If v ∈ TmM is a unit vector, then for any geodesic γv(t)
d
dt
(
tr
(
R
(k)
γ′v(t)
◦Rγ′v(t)
))
= tr
(
R
(k+1)
γ′v(t)
◦Rγ′v(t) +R
(k)
γ′v(t)
◦R′γ′v(t)
)
, k ≥ 1.
Proof. Let {ei(t)}
n
i=1 an orthonormal parallel basis along γv(t) with en(t) =
γ′v(t). We compute
d
dt
(
tr
(
R
(k)
γ′v(t)
◦Rγ′v(t)
))
=
n−1∑
i=1
d
dt
〈(
R
(k)
γ′v(t)
◦Rγ′v(t)
)
ei(t), ei(t)
〉
=
n−1∑
i=1
d
dt
〈
Rγ′v(t)ei(t), R
(k)
γ′v(t)
ei(t)
〉
=
n−1∑
i=1
{〈
∇γ′v(t)
(
Rγ′v(t)ei(t)
)
, R
(k)
γ′v(t)
ei(t)
〉
+
〈
Rγ′v(t)ei(t),∇γ′v(t)
(
R
(k)
γ′v(t)
ei(t)
)〉}
=
n−1∑
i=1
{〈(
∇γ′v(t)Rγ′v(t)
)
ei(t), R
(k)
γ′v(t)
ei(t)
〉
+
〈
Rγ′v(t)ei(t),
(
∇γ′v(t)R
(k)
γ′v(t)
)
ei(t)
〉}
=
n−1∑
i=1
{〈
R′γ′v(t)
ei(t), R
(k)
γ′v(t)
ei(t)
〉
+
〈
Rγ′v(t)ei(t), R
(k+1)
γ′v(t)
ei(t)
〉}
=
n−1∑
i=1
{〈(
R
(k)
γ′v(t)
◦R′γ′v(t)
)
ei(t), ei(t)
〉
+
〈(
R
(k+1)
γ′v(t)
◦Rγ′v(t)
)
ei(t), ei(t)
〉}
= tr
(
R
(k+1)
γ′v(t)
◦Rγ′v(t) +R
(k)
γ′v(t)
◦R′γ′v(t)
)
.

Proposition 2.3. If L3 = 0 and L5 = 0, then the third odd Ledger’s condi-
tion L7 = 0 becomes
(4) 16tr(R′v ◦R
2
v)− 3tr(R
′
v ◦R
′′
v) = 0 for all unit vector v ∈ TmM.
Equivalently, L7 = 0 if and only if tr(32R
3
v − 9R
′
v ◦ R
′
v) is invariant under
the geodesic flow.
Proof. Let v ∈ TmM be a unit vector. We first show that if the property
tr(Rv ◦R
′
v) = 0 is fulfilled, then
tr(R′γ′v(t) ◦R
′
γ′v(t)
+Rγ′v(t) ◦R
′′
γ′v(t)
) = 0,
tr(3R′′γ′v(t) ◦R
′
γ′v(t)
+Rγ′v(t) ◦R
(3)
γ′v(t)
) = 0
(5)
along γv(t). Equivalently,
tr(R′v ◦R
′
v +Rv ◦R
′′
v) = 0,
tr(3R′′v ◦R
′
v +Rv ◦R
(3)
v ) = 0.(6)
D’ATRI SPACES OF TYPE k 7
In fact, if tr(Rv ◦R
′
v) = 0 for all m ∈M and all unit vector v ∈ TmM , by
the usual argument, it follows that
tr
(
Rγ′v(t) ◦R
′
γ′v(t)
)
= 0 along γv(t),
since |γ′v(t)| = 1. Then, from Proposition 2.2 we get (5) deriving twice
the preceding equality. The equivalence is immediate, applying the above
argument to the equalities given by (6).
Now, we continue proving (4). From (2) we see that L3 = 0 gives
L7 = −
7
12tr(9R
(5)
v + 20Rv ◦R
(3)
v + 54R
′
v ◦R
′′
v + 32R
′
v ◦R
2
v)
= −76tr(10Rv ◦R
(3)
v + 27R
′
v ◦R
′′
v + 16R
′
v ◦R
2
v)
by (i) of Proposition 2.1.
If L5 = 0, it follows from Proposition 2.1 and (6) that L7 is reduced to
L7 =−
7
6tr(−30R
′′
v ◦R
′
v + 27R
′
v ◦R
′′
v + 16R
′
v ◦R
2
v)
=− 76tr(−3R
′
v ◦R
′′
v + 16R
′
v ◦R
2
v).
Thus, the condition L7 = 0 and equality (4) are equivalent.
Finally, due to [15, Lemma 2.3] and Remark 2.2, from (4) we get
d
dt
(
tr
(
32R3γ′v(t) − 9R
′
γ′v(t)
◦R′γ′v(t)
))
=
= 6tr
(
16R′γ′v(t) ◦R
2
γ′v(t)
− 3R′γ′v(t) ◦R
′′
γ′v(t)
)
= 0
since |γ′v(t)| = 1. Thus,
tr
(
32R3γ′v(t) − 9R
′
γ′v(t)
◦R′γ′v(t)
)
= tr
(
32R3v − 9R
′
v ◦R
′
v
)
along γv(t), which means that tr
(
32R3v − 9R
′
v ◦R
′
v
)
is invariant under the
geodesic flow. Thus, the equivalence in the statement of the proposition is
shown. 
3. Geometric properties of D’Atri spaces of type k
In this section, we will prove a new geometric property of D’Atri spaces
that are also k-D’Atri for some k = 3, . . . , n− 1, related to Jacobi operators
along geodesics which continues the results of Proposition 3.1 below, where
it is proved that tr(Rv), tr(R
2
v) are invariant under the geodesic flow in any
k-D’Atri space for some k = 1, . . . , n − 1. The following proposition is the
key to prove our main result, Theorem 3.3.
Proposition 3.1. If M is k-D’Atri for some k ≥ 1, then
(i) trR
(k)
v = 0 for all k ≥ 1 and all unit v ∈ TmM .
(ii) Especially, trRv is invariant under the geodesic flow (i.e. condition
L3 = 0 is satisfied).
(iii) tr(Rv ◦ R
′
v) = 0 for all v ∈ TmM , |v| = 1 or equivalently, trR
2
v is
invariant under the geodesic flow (i.e. condition L5 = 0 is satisfied).
8 TERESA ARIAS-MARCO AND MARIA J. DRUETTA
In particular, M has constant scalar curvature.
Proof. The statements (i), (ii) hold according to [15, Proposition 2.2]. The
part (iii) in the same Proposition was proved incorrectly. The correct argu-
ment will be given in Proposition 3.2 below. We first need some auxiliary
calculations.
In that follows we will use Newton’s relations (see [9, A.IV.70]): Given n
real numbers, λ1, ..., λn, and any natural k = 1, ..., n, if we denote by sk =∑n
i=1 λ
k
i and by σk their associated k-th elementary symmetric functions,
then
(7) sk − sk−1σ1 + sk−2σ2 + ...+ (−1)
k−1s1σk−1 + (−1)
kkσk = 0, k ≤ n.
Let v ∈ TmM be a fix unit vector and let t > 0 be a fix small real number.
Recall from Section 2 that for each natural number l ≥ 1 we denote by
O(v, tl) =
∑
∞
i=l αit
i, obtained from the Taylor expansion of Cv(t) = tSv(t) =∑
∞
j=0 αjt
j, with αj = αj(v) =
1
j!C
(j)
v (0). We expand Cv(t)
l for each l ≥ 1,
as follows:
Cv(t)
l =
(
I + α2t
2 + α3t
3 + α4t
4 + α5t
5 + α6t
6 + α7t
7 +O(v, t8)
)l
= I +
(
l
1
)
{α2t
2 + α3t
3 + α4t
4 + α5t
5 + α6t
6 + α7t
7 +O(v, t8)}
+
(
l
2
)
{α2t
2 + α3t
3 + α4t
4 + α5t
5 + α6t
6 + α7t
7 +O(v, t8)}2
+
(
l
3
)
{α2t
2 + α3t
3 + α4t
4 + α5t
5 + α6t
6 + α7t
7 +O(v, t8)}3
+ · · ·
That is,
Cv(t)
l = I + t2
(
l
1
)
α2 + t
3
(
l
1
)
α3 + t
4
{(
l
1
)
α4 +
(
l
2
)
α22
}
+ t5
{(
l
1
)
α5 +
(
l
2
)
(α2α3 + α3α2)
}
+ t6
{(
l
1
)
α6 +
(
l
2
)
(α2α4 + α4α2 + α
2
3) +
(
l
3
)
α32
}
+ t7
{(
l
1
)
α7 +
(
l
2
)
(α2α5 + α5α2 + α3α4 + α4α3)
+
(
l
3
)
(α22α3 + α2α3α2 + α3α
2
2)
}
+O(v, t8)
Hence, setting sl = sl(v) and γj = γj(v), we have
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sl = trCv(t)
l = n− 1 + t2
(
l
1
)
γ1 + t
3
(
l
1
)
γ2 + t
4
{(
l
1
)
γ3 +
(
l
2
)
γ4
}
+ t5
{(
l
1
)
γ5 +
(
l
2
)
γ6
}
+ t6
{(
l
1
)
γ7 +
(
l
2
)
γ8 +
(
l
3
)
γ9
}
+ t7
{(
l
1
)
γ10 +
(
l
2
)
γ11 +
(
l
3
)
γ12
}
+O(v, t8)
(8)
where
(9)
γ1 = trα2, γ2 = trα3, γ3 = trα4, γ4 = tr(α
2
2), γ5 = trα5,
γ6 = 2tr(α2α3), γ7 = trα6, γ8 = 2tr(α2α4) + tr(α
2
3), γ9 = tr(α
3
2),
γ10 = trα7, γ11 = 2tr(α2α5) + 2tr(α3α4), γ12 = 3tr(α
2
2α3).
Proposition 3.2. If M is a k-D’Atri space for some k ≥ 1, then
tr
(
Rv ◦R
′
v
)
= 0
for all unit vectors v ∈ TmM.
Proof. Using (i) and (ii) of Proposition 3.1, (2) and the definitions of γj,
j = 1, ..., 6, given in (9) we get,
γ2 = trα3 = −
1
4trR
′
v = 0,
γ5 = trα5 = −
10
13·5!
(
tr(R(3)v ) + tr(Rv ◦R
′
v)
)
= − 1156tr(Rv ◦R
′
v),
γ6 = tr(2α2α3) =
1
6tr(Rv ◦R
′
v) = −26γ5.
Therefore, for all l ≥ 1, (8) can be written as
sl =n− 1 + t
2
(
l
1
)
γ1 + t
4
{(
l
1
)
γ3 +
(
l
2
)
γ4
}
+ t5
{
−
1
156
((
l
1
)
− 26
(
l
2
))
tr(Rv ◦R
′
v)
}
+O(v, t6).
(10)
Now, by Newton’s formula (7) we get
(−1)lσl(v, t) = −sl + sl−1σ1(v, t) + · · ·+ (−1)
l−1s1σl−1(v, t), l = 1, ..., k
and applying (10) in the equality above for each l = 1, ..., k, we obtain
σk(v, t) =
(
n− 1
k
)
+ t2
(
n− 2
k − 1
)
γ1 + t
4
{(
n− 2
k − 1
)
γ3 +
1
2
(
n− 3
k − 2
)(
γ21 − γ4
)}
+ t5
{
−
1
156
((
n− 2
k − 1
)
+ 13
(
n− 3
k − 2
))
tr(Rv ◦R
′
v)
}
+O(v, t6).
From (9) and the facts trα2(v) = trα2(−v) (trRv = trR−v) and trα4(v) =
trα4(−v) (trR
2
v = trR
2
−v, trR
′′
v = 0) , we see that γi(v) = γi(−v), i = 1, 3, 4.
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Thus, under the assumption that M is a k-D’Atri space for some k ≥ 3 and
setting O(±v, t) = O(v, t)−O(−v, t), we have
0 = σk(v, t)− σk(−v, t)
= t5
{
−
1
156
((
n− 2
k − 1
)
+ 13
(
n− 3
k − 2
))
tr(Rv ◦R
′
v)
}
+O(±v, t6).
This gives
−
1
156
((
n− 2
k − 1
)
+ 13
(
n− 3
k − 2
))
tr(Rv ◦R
′
v) +O(±v, t) = 0
for any small t > 0. Finally, we conclude de desired result taking the limit
as t→ 0. 
The proof of Proposition 3.1 is herewith completed. 
We note that by [7] D’Atri spaces in dimension 3 are homogeneous and
have the property that the eigenvalues of the Jacobi operator are constant
along each geodesic (they are C-spaces). Thus, tr(R3v) is invariant under the
geodesic flow and the next theorem is also valid for n = 3.
Theorem 3.3. If M is a n-dimensional D’Atri space with n ≥ 4 which is
also a D’Atri space of type k for some k = 3, . . . , n− 1, then
(11) tr(R′v ◦R
2
v) = 0 for all unit vector v ∈ TmM.
Equivalently, tr(R3v) is invariant under the geodesic flow.
Proof. Under our hypothesis, we know that all odd Ledger conditions are
satisfied due to Remark 2.1. Thus, we directly get from (9) using Definition
2.1 that γ2 = trα3 = −
1
4trR
′
v = 0 and analogously, γ5 = 0 = γ10 (L5 = 0 =
L7). Moreover, applying Proposition 2.1, (6) and Proposition 2.3, we also
have from (2) that
γ6 =tr(2α2α3) =
1
6tr(Rv ◦R
′
v) = 0,
γ11 =2tr(α2α5) + 2tr(α3α4) =
1
5!tr(C
(2)
v (0)C
(5)
v (0)) +
1
3·4!tr(C
(3)
v (0)C
(4)
v (0))
= 154 tr(Rv ◦R
(3)
v ) +
(
1
54 +
1
90
)
tr(R′v ◦R
2
v) +
1
20tr(R
′
v ◦R
′′
v)
=
(
1
54 +
1
90
)
tr(R′v ◦R
2
v) +
(
1
20 −
3
54
)
tr(R′v ◦R
′′
v)
= 1540
(
16tr(R′v ◦R
2
v)− 3tr(R
′
v ◦R
′′
v)
)
= 0.
Therefore, for each l ≥ 1, (8) is reduced to
sl = trCv(t)
l = n− 1 + t2
(
l
1
)
γ1 + t
4
{(
l
1
)
γ3 +
(
l
2
)
γ4
}
+ t6
{(
l
1
)
γ7 +
(
l
2
)
γ8 +
(
l
3
)
γ9
}
+ t7
{(
l
3
)
γ12
}
+O(v, t8).
(12)
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Now, denoting σl = σl(v, t) and substituting (12) in the recursive formula
(7) for each l = 1, ..., k, we obtain
σk =
(
n− 1
k
)
+ t2
(
n− 2
k − 1
)
γ1 + t
4
{(
n− 2
k − 1
)
γ3 +
1
2
(
n− 3
k − 2
)(
γ21 − γ4
)}
+t6
{(
n− 2
k − 1
)
γ7 +
(
n− 3
k − 2
)(
γ1γ3 −
γ8
2
)
+
(
n− 4
k − 3
)(
γ31
6
−
γ1γ4
2
+
γ9
3
)}
+t7
{
1
3
(
n− 4
k − 3
)
γ12
}
+O(v, t8).
Moreover, using (9) and the facts trα2(v) = trα2(−v), trα4(v) = trα4(−v),
trα6(v) = trα6(−v) (tr(R
′
v ◦ R
′
v) = tr(R
′
−v ◦ R
′
−v), tr(Rv ◦ R
′′
v) = tr(R−v ◦
R′′−v), trR
3
v = trR
3
−v, trR
(4)
v = 0) and trα3(v) = −trα3(−v) (trR
′
v = −trR
′
−v),
it is easy to realize that
γi(v) = γi(−v), i = 1, 3, 4, 7, 8, 9, and γ12(v) = −γ12(−v).
Thus, under the assumption that M is a k-D’Atri space for some k ≥ 3 and
setting O(±v, t) = O(v, t)−O(−v, t), we obtain
0 = σk(v, t)− σk(−v, t) = t
7
{
2
3
(
n− 4
k − 3
)
γ12
}
+O(±v, t8).
This gives
2
3
(
n− 4
k − 3
)
γ12 +O(±v, t) = 0 for any small t > 0,
which implies that γ12 = 0 for n ≥ 4 and k ≥ 3, taking into account that
limt→0O(±v, t) = 0. Therefore, proceeding as before,
0 = γ12 = 3tr
(
α22α3
)
= − 112 tr
(
R2v ◦R
′
v
)
and we get the desired condition (11).
Finally, due to [15, Lemma 2.3] and (11) we have that
d
dt
(
trR3γ′v(t)
)
= 3tr
(
R2γ′v(t)
◦R′γ′v(t)
)
= 0,
since |γ′v(t)| = 1. Then, tr
(
R3
γ′v(t)
)
= tr(R3v) along γv(t) which means that
tr(R3v) is invariant under the geodesic flow. 
Note that from Proposition 3.1, with the same proof above and applying
Proposition 2.3, we also have the following consequence.
Corollary 3.4. If M is a k-D’Atri space for some k = 3, ..., n − 1 that
satisfies the third odd Ledger condition L7 = 0 (or, equivalently, the trace
tr(32R3v − 9R
′
v ◦ R
′
v) is invariant under the geodesic flow), then tr(R
3
v) is
invariant under the geodesic flow.
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Non-symmetric Damek-Ricci spaces are D’Atri spaces which are not 3-
D’Atri (see [15, Theorem 3.2, (ii)]). In the next section we will use the
previous theorem to prove that non-symmetric Damek-Ricci spaces are not
k -D’Atri for any k ≥ 3 (see Corollary 4.6). Furthermore, no examples are
known of k-D’Atri spaces for some k ≥ 3 which are not D’Atri. Therefore,
it still remains open the question if a k-D’Atri space for some k ≥ 3 is a
D’Atri space.
4. Applications to D’Atri spaces of Iwasawa type
We recall that a solvable Lie algebra s with inner product 〈, 〉 is a metric
Lie algebra of Iwasawa type, if it satisfies the conditions
(i) s = n⊕ a where n = [s, s] and a, the orthogonal complement of n, is
abelian.
(ii) The operators adH |n are symmetric and non zero for all H ∈ a.
(iii) There exits H0 ∈ a such that adH0 |n has all positive eigenvalues.
The simply connected Lie group S with Lie algebra s and left invariant
metric g induced by the inner product 〈, 〉 will be called a space of Iwasawa
type. The algebraic rank of S (equivalently s) is defined by dim a.
In that follows we assume that M = S and fix m = e, the identity of
the group S; we identify s with TeS by X = X˜e, where X˜ denotes the left
invariant field on S associated to X ∈ s. The Levi Civita connection ∇˜ at
e, denoted by ∇, and the curvature tensor R associated to the metric can
be computed by
2 〈∇XY,Z〉 = 〈[X,Y ], Z〉 − 〈[Y,Z],X〉 + 〈[Z,X], Y 〉
R(X,Y ) = [∇X ,∇Y ]−∇[X,Y ]
for any X,Y,Z in s. Using the above formula one obtains for each X,Y ∈ s
and H ∈ a that
2 〈∇HX,Y 〉 = 〈[H,X], Y 〉 − 〈[X,Y ],H〉+ 〈[Y,H],X〉
= 〈[H,X], Y 〉 − 〈[H,Y ],X〉 = 〈adHX,Y 〉 − 〈adHY,X〉 = 0
since adH is symmetric for all H ∈ a. Then, ∇H = 0 and hence RH =
−ad2H . Moreover, R
′
H = 0 for all H ∈ a since γH(t) = exp tH (∇HH = 0),
γ′H(t) = H˜exp tH = (dLexp tH)eH (exp denotes the exponential map of the
Lie group S) and the metric is left invariant, we have that
R′H =
(
∇γ′
H
(t)Rγ′
H
(t)
)∣∣∣
t=0
= (dLexp tH)e(∇HRH)|t=0 = ∇HRH = 0.
Note that by definition, ∇HRH(X) = ∇H(RHX) −RH(∇HX) = 0 for any
X ∈ s.
In addition, we recall the following known fact proved in [14, Proposition
2.1]: For each unit vector X in s = TeS, we denote by γX(t) the geodesic in
S with γX(0) = e, and by x(t) the curve uniquely defined in the unit sphere
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of s (|x(t)| = 1) obtained by the isometry
(
dLγX(t)
)
e
: s = TeS → TγX (t)S.
We express γ′X(t) =
(
dLγX(t)
)
e
x(t) ∈ TγX (t)S for all real t. Then, either
(13) x(t) = H ∈ a and γH(t) = exp tH or lim
n→∞
x(tn) = H
for some H ∈ a and some sequence of real numbers {tn}n∈N .
It is worth pointing out that irreducible homogeneous and simply con-
nected D’Atri spaces of nonpositive curvature can be represented as Iwa-
sawa type spaces (they are Einstein) and they are either symmetric spaces
of higher rank or Damek-Ricci spaces in the case of rank one, including the
rank one symmetric spaces of noncompact type (see [16], [17], [18]). More-
over, D’Atri spaces (without curvature restrictions) of Iwasawa type and
algebraic rank one are Damek-Ricci spaces, since they are harmonic (see
[14]). For the definition of Damek-Ricci spaces and its properties see [6].
Now, we analyze C-spaces and the D’Atri condition on Iwasawa type spaces.
Proposition 4.1. If S is a C-space of Iwasawa type, then S has nonpositive
sectional curvature.
Proof. Let X ∈ s be a unit vector. Since S is a C-space, the eigenvalues of
Rγ′
X
(t) are constant along γX(t) and the characteristic polynomial of Rγ′
X
(t)
can be write as
(14) det
(
λId−Rγ′
X
(t)
)
= det (λId−RX) .
Moreover, using the previous notation
det
(
λId−Rγ′
X
(t)
)
= det
(
(dLγX(t))e ◦ (λId−Rx(t)) ◦ (dLγX(t))
−1
e
)
= det
(
λId−Rx(t)
)
for all t ∈ R.
Then, taking lim as t → ∞ in the above equality, it follows from (13) and
(14) that
det (λId−RX) = det (λId−RH) = det
(
λId + ad2H
)
for some H ∈ a. Hence, the eigenvalues of RX are exactly those of −ad
2
H
and consequently, the sectional curvature of S is nonpositive. 
Corollary 4.2. Let S be an irreducible space of Iwasawa type. Then, S is
a symmetric space of noncompact type if and only if it is a D’Atri space and
a C-space.
Proof. It is well-known that symmetric spaces are an important subclass of
D’Atri spaces and C-spaces.
On the other hand, under our hypothesis, by Proposition 4.1 S is an irre-
ducible D’Atri space of nonpositive curvature. It follows from [16, Theorem
4.7] that either S is symmetric of noncompact type of higher rank, or S is a
D’Atri (harmonic) space of algebraic rank one. In the last case, by applying
[13, Corollary 2.2.] S is a symmetric space of rank one, since
trRkX = tr
(
−ad2H0
)k
for all X ∈ s, |X| = 1 and k = 1, ..., n − 1,
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which means that S is k-stein for all k = 1, ..., n − 1. 
In the next result we stablish a number of curvature conditions needed to
determine whether a space of Iwasawa type is symmetric.
Theorem 4.3. Let S be a space of Iwasawa type. Then,
(i) S is a symmetric space if and only if tr(32R3X − 9R
′
X ◦ R
′
X) and
tr(R3X) are invariant under the geodesic flow for all X ∈ s with
|X| = 1.
(ii) S is a symmetric space if and only if the three first odd Ledger con-
ditions are satisfied and tr(R′X ◦R
2
X) = 0 for all X ∈ s with |X| = 1.
Proof. Let X ∈ s be a unit vector.
(i) If tr(32R3X−9R
′
X ◦R
′
X) and tr(R
3
X) are invariant under the geodesic
flow, then tr(R′X ◦ R
′
X) is also invariant under the geodesic flow.
That is,
tr(R′γ′
X
(t) ◦R
′
γ′
X
(t)) = tr(R
′
X ◦R
′
X) for all t ∈ R.
Finally, taking lim as t→∞, from (13) and the fact R′H = 0 (H ∈ a)
we have that
0 = tr(R′H ◦R
′
H) = tr(R
′
X ◦R
′
X), X ∈ s, |X| = 1.
Hence, R′X = 0 because tr(R
′
X ◦ R
′
X) =
∑n
i=1 |R
′
XYi|
2 = 0 implies
R′XYi = 0 for all i = 1, . . . , n where {Yi} is a basis of s. Consequently,
S is symmetric since ∇R = 0 (see for example [22] or [7, p. 59]).
(ii) If L3 = 0, L5 = 0, L7 = 0 and tr(R
′
X ◦ R
2
X) = 0 for all unit vector
X ∈ s, by (4) we get tr(R′X ◦R
′′
X) = 0. Thus, tr(R
′
X ◦R
′
X) is invariant
under the geodesic flow and consequently, S is symmetric (see the
proof of (i)).

Thus, from Remark 2.1 we characterize a special subclass of D’Atri spaces
of Iwasawa type using only the three first odd Ledger’s conditions.
Corollary 4.4. Let S be a space of Iwasawa type. Then, S is a symmetric
space if and only if S is a D’Atri space and tr(R′X ◦ R
2
X) = 0 for all unit
vector X ∈ s.
Equivalently, if S is a D’Atri space of Iwasawa type, then S is symmetric
if and only if tr(R3X) is invariant under the geodesic flow.
Remark 4.1. (i) In particular, if S has algebraic rank one, the prop-
erty tr(R3X) being invariant under the geodesic flow is a necessary
condition in the above corollary, since nonsymmetric Damek-Ricci
spaces do not satisfy such property by [13].
(ii) The property tr(R3X) being invariant under the geodesic flow in Iwa-
sawa type C-spaces and the previous corollary give an alternative
proof of Corollary 4.2.
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Finally, applying the main results of the preceding section and Theorem
4.3 we get some stronger results than the previously obtained in [15].
It is known that the property of S being a k-D’Atri space for all k =
1, ..., n − 1 characterizes the symmetric spaces of noncompact type within
the class of of Iwasawa type spaces. In particular, in the class of Damek-Ricci
spaces the symmetric of noncompact type and rank one are characterized
by the 3-D’Atri condition (see [15, Theorem 3.2]). Now, we generalize this
result to Iwasawa type spaces, where the symmetric ones are those which
are D’Atri and 3-D’Atri spaces.
Corollary 4.5. Let S be a D’Atri space of Iwasawa type. Then, S is sym-
metric if and only if S is a 3-D’Atri space. In such a case, S is a k -D’Atri
space for all k = 1, ..., n − 1.
Proof. Applying the equivalence between D’Atri, 1-D’Atri and 2-D’Atri
properties and [15, Proposition 2.4], under the assumption that S is a 3-
D’Atri space it follows that tr(RkX), k = 1, 2, 3, and tr(32R
3
X − 9R
′
X ◦ R
′
X)
are invariant under the geodesic flow (see Proposition 2.3). The assertion is
immediate by Theorem 4.3. 
Finally, using Theorem 3.3 we get an stronger consequence of Theorem
4.3 than the previously obtained in Corollary 4.5.
Corollary 4.6. Let S be a D’Atri space of Iwasawa type of dimension n ≥ 4.
Then, S is symmetric if and only if S is a k-D’Atri space for some k,
3 ≤ k ≤ n− 1. In such a case, S is a k-D’Atri for all k = 1, ..., n − 1.
In particular, if S is Damek-Ricci then S is a k-D’Atri space for some
k ≥ 3 if and only if S is a rank one symmetric space of noncompact type.
5. Geodesic symmetries and k-D’Atri spaces for all k ≥ 1
In this section, we characterize k-D’Atri spaces for all k ≥ 1 as the SC-
spaces and we show applications on 4-dimensional homogeneous spaces. Re-
call that M is a SC-space (a SP -space) if for any small real t > 0 and any
unit vector v ∈ TmM the eigenvalues (the eigenvectors) of Sv(t), the shape
operator of the geodesic sphere Gm(t) centered at m, are preserved by the
geodesic symmetries sm for all m ∈ M. See [5] for definitions and related
notions.
By definition, sm preserves Sv(t) if and only if
dsm|γv(t) ◦ Sv(t) = S−v(t) ◦ dsm|γv(t) .
Moreover, the following proposition is well known in the literature and we
include it here for the sake of completeness.
Proposition 5.1. The geodesic symmetries sm preserve the shape operators
Sv(t) of small geodesic Gm(t) if and only if Sv(t) and dsm|
−1
γv(t)
◦ S−v(t) ◦
dsm|γv(t) are simultaneously diagonalizable and have the same eigenvalues.
Equivalently, for each small real t > 0, Sv(t) and S−v(t) have a basis of
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eigenvectors {Xi(t) : i = 1, ..., n − 1} and {dsm|γv(t)Xi(t) : i = 1, ..., n − 1},
respectively, with the same associated eigenvalues. This in turn means that
M is a SC-space and a SP-space.
The following result characterizes those Riemannian manifolds which are
k -D’Atri for all k = 1, ..., n − 1. Thus, we complete Theorem 2.6 of [15].
Theorem 5.2. M is a n-dimensional D’Atri space of type k for all k =
1, . . . , n− 1 if and only if M is a SC-space.
Proof. We fix a real number t > 0 and a unit vector v ∈ TmM. The
hypothesis σk(v, t) = σk(−v, t) for all k = 1, ..., n − 1 implies that both
characteristic polynomial of Sv(t) and S−v(t) are coincident. That is,
det (λId− Sv(t)) = det (λId− S−v(t))
and consequently, Sv(t) and S−v(t) have the same set of eigenvalues, counted
with multiplicities.
The converse is immediate since by definition of SC-space, σk(v, t) =
σk(−v, t) for any small t > 0 (see the expression of σk(v, t) in terms of the
eigenvalues given in Section 1). 
On the other hand, Characterization 1.3 of [5] proved by A. J. Ledger
and L. Vanhecke in [21] describes the locally symmetric spaces (∇R = 0)
as those whose local geodesic symmetries preserve the shape operators of
small geodesic spheres. Thus, we need a stronger condition to assure when
a k-D’Atri space for all k = 1, ..., n−1 (or a SC-space) is locally symmetric.
In fact, from Proposition 5.1, we have the following consequence.
Corollary 5.3. Let M be a k-D’Atri space for all k = 1, ..., n − 1. Then,
M is locally symmetric if and only if for each small real t > 0, the geodesic
symmetries sm preserve a basis of eigenvectors and the associated eigenval-
ues of the shape operators Sv(t) of small geodesic spheres centered at m for
all m ∈M. That is, M is locally symmetric if and only if M is a SP-space
(or it is P-space, by Theorem 3.2 of [5] since M is real analytic).
Now, we focus our attention in some applications. It is known that the
notions of 1-D’Atri (D’Atri) space and 2-D’Atri space are equivalent (see
[15]) although it is still open the question if they are also equivalent to the
k-D’Atri space notion for each k, 3 ≤ k ≤ n − 1. Note that this is the case
in the class of D’Atri spaces of Iwasawa type as we show in Corollary 4.5.
Now, we will solve this problem for the case of 4-dimensional homogeneous
Riemannian spaces.
Corollary 5.4. Let M be a 4-dimensional homogeneous Riemannian space.
If M is a D’Atri space, then M is a k-D’Atri space for all k = 1, 2, 3.
Conversely, if M is a k-D’Atri space for some k = 1, 2, 3, then M is a
D’Atri space. In particular, M is a D’Atri space if and only if M is a
3-D’Atri space.
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Proof. By Proposition 3.1 of Section 3, we know that every k-D’Atri space
for some k ≥ 1, in particular every 3-D’Atri space, satisfies at least the
two first odd Ledger conditions. In [4] has been proved that every 4 -
dimensional homogeneous Riemannian space that satisfies the two first odd
Ledger conditions is necessary naturally reductive and consequently it is a
D’Atri space. Moreover, all of them are conmutative since dimM ≤ 5 (see
[6, p. 10]).
On the other hand, in Proposition 4.7 and Proposition 4.8 of [5] was
proved that every 4-dimensional Riemannian space that is naturally reduc-
tive is a TC-space and that in the class of commutative spaces, SC-spaces
and TC-spaces form the same subclass. Therefore, every 4-dimensional ho-
mogeneous D’Atri space is a SC -space and by Theorem 5.2 it is a k-D’Atri
space for all k = 1, 2, 3. In particular, every D’Atri space is a 3-D’Atri
space. 
Moreover, using the equivalence between the properties of M being a
D’Atri (1-D’Atri) space or a 2-D’Atri space we also have,
Corollary 5.5. Let M be a 4-dimensional homogeneous Riemannian space.
M is a k-D’Atri space for all k = 1, 2, 3 if and only if M is a 3-D’Atri space.
Remark 5.1. 4-dimensional homogeneous Riemannian spaces provide ex-
amples of k-D’Atri spaces for all k = 1, 2, 3 which are not symmetric and
consequently, by Corollary 5.3 they are neither SP-spaces nor P-spaces.
See in [4] the case 2 of Proposition 2, the cases 1 and 2 of Proposition 5
and the case 4 of Proposition 6. All of them belong to the case ii) of the
Classification Theorem of [4]. Thus, all of them are locally isometric to a
Riemannian product M3×R, where M3 is naturally reductive. Thus, these
examples are locally isometric to naturally reductive homogeneous spaces.
We finish this section with the following proposition that relates C -spaces
and geodesic symmetries that preserve eigenvalues of Jacobi operators.
Proposition 5.6. M is a C-space if and only if the geodesic symmetries sm
preserve the eigenvalues of Jacobi operators Rγ′v(t) along the geodesics γv(t),
for all m ∈M and all unit vector v ∈ TmM.
Proof. We fix m ∈ M and let v ∈ TmM be a unit vector. Note we
consider Rγ′v(t) as Rγ′v(t)
∣∣
γ′v(t)
⊥ whenever γv(t) is defined. Assume that
sm preserves the eigenvalues of Rγ′v(t), which means that Rγ′v(t)
∣∣
γ′v(t)
⊥and
Rγ′−v(t)
∣∣∣
γ′−v(t)
⊥
= Rγ′v(−t)
∣∣
γ′v(−t)
⊥ have the same eigenvalues λv(t) = λ−v(t),
respectively, at γv(t) and γ−v(t) = γv(−t). Thus, for any possible real num-
ber t
trRkγ′v(t) = trR
k
γ′−v(t)
for all natural k ≥ 1.
Taking derivatives, as functions of real t, we get
tr
(
Rk−1
γ′v(t)
◦R′γ′v(t)
)
= tr
(
Rk−1
γ′−v(t)
◦R′γ′−v(t)
)
for all k ≥ 1,
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that evaluated at t = 0 gives
tr
(
Rk−1v ◦R
′
v
)
= tr
(
Rk−1−v ◦R
′
−v
)
= −tr
(
Rk−1v ◦R
′
v
)
for all k ≥ 1,
since R′−v = −R
′
v. Hence,
tr
(
Rk−1v ◦R
′
v
)
= 0 for k = 1, ..., n − 1.
This fact implies that λ′v(0) = 0 for all unit vector v. By considering the
above equation at γ′v(t) (|γ
′
v(t)| = 1), we have that λ
′
v(t) = 0 for all t. Thus,
the eigenvalues of Rγ′v(t) are constant functions of t (see [15, Theorem 2.6]
or [7, Theorem 3]); that is, M is a C-space.
The converse is immediate. 
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